In this paper, we use the Variational Iteration Method (VIM) to find the approximate analytical solution for an initial value problem involving the fuzzy Duffing ordinary differential equation. VIM allows for the solution of the differential equation to be calculated in the form of an infinite series in which the components can be easily computed. Numerical examples were solved to illustrate the capability of VIM in this regard.
Introduction
Nonlinear ordinary differential equations are used to model a wide class of problems. The dynamics of these equations can often be understood by reference to a simple nonlinear ordinary differential equation. One such equation is the second order Duffing equation given by [9] ( ) (
The initial conditions associated with it are ( ) ( ) where , , , , and are real constants. Equation (1.1) has been discussed in many works that arise in various scientific fields such as physics, engineering, biology, and communication theory [9, 24, 28, 35] . Various problems involving nonlinear control systems in physics, engineering and communication theory have increased interest in the periodical forced Duffing's equation [23, 25, 28] . In some cases, uncertainty leads to the fuzzy Duffing's equation (FDE) . These models are used in various applications including population models [36] , quantum optics gravity [13] , and medicine [6, 8] . Fuzzy Initial value problem (FIVP) involving ordinary differential equations are suitable mathematical models to model certain dynamical systems in which there exist uncertainties or vagueness.
In recent years approximate-analytical methods such as Adomian Decomposition Method (ADM), Homotopy Perturbation Method (HPM) and Variational Iteration Method (VIM) have been used to solve fuzzy initial value problems which involve ordinary differential equations. In [16] , the HPM was used to solve first order linear fuzzy initial value problems involving ordinary differential equations. The ADM was employed in [2, 7, 17 ] to solve first order linear and nonlinear fuzzy initial value problems. VIM is an approximate -analytical method that was first proposed by He [18] [19] [20] [21] [22] and has been applied to many physics and engineering problems [5, 27, 31, 34] . VIM was used in [17] to obtain the approximate solution for first order linear FIVP. Furthermore, it was found that VIM is more effective than ADM and the convergence of VIM is much faster than ADM. In [1] VIM also was used to find the approximateanalytical solution for fuzzy differential equations including nonlinear first order FIVP. Abbasbandy et al. in [3] used VIM to find the approximate solution for high order linear FIVP by converting it into a first order system of fuzzy differential equations. The convergence of VIM for this system was also proved.
In this paper, we use VIM to obtain an approximate-analytical solution of nonlinear FIVP involving fuzzy Duffing's equation directly without converting into a first order system. The convergence of VIM is also investigated. The outline of this paper is as follows. In section 2, some basic definitions and notations are given as they will be used in other sections. In section 3, the structure of VIM is formulated for solving second order FIVP. In section 4, the convergence analysis of VIM is presented and proved in detail. In section 5, we consider some examples and finally, in section 6, we give the conclusions of this study.
Preliminaries
The definitions and theorems given in this section are required in our work. We cite articles from where they were substantively taken [37] : 
Then the boundary functions 0 ( ) ( )1 are differentiable functions and
Theorem 2.2. [31]
Let ̃ , -̃ be Hukuhara differentiable n times and
We can write for n th order fuzzy derivative
Fuzzification and Defuzzification of VIM for Second Order FIVP
The general structures of VIM for solving crisp nonlinear problems have been presented in [18] [19] [20] [21] [22] amongst others. The general defuzzification of n th order FIVP was presented in [31] . The basic principles of VIM for FIVP have been described in [1, 17, 31] . In this section the structure of VIM for the approximate solution of second order FIVP is described followings the work of others. Consider the following second order FIVP:
Here ̃( ) is the fuzzy function of the crisp variable with being a fuzzy function of the crisp variable, fuzzy variable ̃ and the first order fuzzy Hukuhara derivative ̃ ( ). According to theorem 2.2 section 2 ̃ ( ) is the second order fuzzy Hukuhara derivative of the fuzzy function with ̃ ̃ are fuzzy numbers as in definitions (2.1-2.2) section 2. We denote the fuzzy function ̃ by , ̃-, -, for , -and , -. It means that the r-level set of ̃( ) can be defined as:
Also, we can write
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where
Now we can rewrite Eq. (1.1) as follows
According to the VIM procedure, we can construct the following correction functional as follows
where , , -, ( ) is a general Lagrange multiplier. Now we let
where and are nonlinear operators , then we can rewrite Esq. (3.14) and (3.15) in the following forms
⏞ is considered as restricted variation i.e ̃ ⏞ . The general Lagrangian multiplier ( ) related with Eq. (3.2) can be determined as:
Integrating by parts we obtain the following: 
We reiterate that basic principles of VIM for FIVP have been described in the work of previous researchers as cited in this section.
Convergence of VIM
In [3] the convergence of the approximate solution of system of linear FIVP obtained by VIM have been proved. Also the proof of convergence of VIM for second order crisp nonlinear differential equation was presented in [15] . Using these previous works as a basis, we investigate the convergence of VIM for a nonlinear FIVP such as fuzzy Duffing equation. The variational iteration formula generates a recurring sequence *, ̃ -+. Clearly, the limit of the sequence will be the solution of Eq. (3.2) if the sequence is convergent. In this section, we give a proof of convergence of VIM by introducing a new iterative formulation of this procedure. The proof follows the procedure used by and ideas of earlier researchers. Here, , -denotes the class of all real valued functions defined on , -which have continuous second order derivatives. Before we continue the discussion of convergence details we note than one can rewrite equations (14) (15) 
Now from (4.32) and (4.26), one can derive the following
From the equations (4.33) and (4.34),
On the other hand, using the specified initial conditions in (3.3) and the initial guess in (3.20), we have , it must converge to the exact solution in this region.
Numerical Examples
In order to assess the advantages and the accuracy of VIM for solving fuzzy Duffing differential equations, we have applied the method to two different examples. All the results are calculated by using the Mathematica codes.
Example 5.1. Consider the fuzzy Duffing's equation [4] of the following type
The exact solution of Eq. (5.37) was given in [4] 
Conclusions
In this paper, the Variational Iteration Method (VIM) has been successfully introduced and applied to solve second order fuzzy Duffing's equation to obtain an approximate solution. The problem was solved directly without it first being reduced to a first order system. The convergence analyses of VIM have been investigated in detail with regard to the fuzzy Duffing's equation following the procedures and ideas of the previous researchers. The obtained results in this paper show that the VIM is capable of accurately solving second order nonlinear fuzzy initial value problems.
